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Abstract
Let E be an arbitrary Banach space and T : E → E be a Lipschitzian and φ-hemicontractive mapping. This paper proves that,
without the property lim infn→∞ φ(t)/t > 0, the Mann and Ishikawa iterative sequences with errors are weakly T -stable. The
related result deals with the weak T -stability of these sequences with errors to the unique solution of the equation f = T x when
T : E → E is Lipschitzian and φ-strongly accretive operator. Our results improve and generalize the recent results of Zhou et al.
[H.Y. Zhou, S.S. Chang, Y.J. Cho, Weak stability of Ishikawa iteration procedures for φ-hemicontractive and accretive operators,
Appl. Math. Lett. 14 (2001) 949–954] without the strict requirement lim infn→∞ φ(t)/t > 0 and extend the results to the Mann
and Ishikawa iterations with errors.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and preliminaries
Let E be a real Banach space with norm ‖ · ‖ and E∗ be the dual space of E . Let J be the normalized duality
mapping from E to 2E∗ defined by
J (x) = { f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖2 and ‖ f ∗‖ = ‖x‖},
where 〈·, ·〉 denotes the generalized duality pairing. It is known that J is a single-valued mapping if E∗ is strictly
convex.
An operator T : E → E is called strongly pseudocontractive if for all x, y ∈ E , there exist j (x − y) ∈ J (x − y)
and a constant k ∈ (0, 1) such that
〈T x − T y, j (x − y)〉 ≤ k‖x − y‖2.
An operator T : E → E is called strongly accretive if there exists a constant k ∈ (0, 1), such that for all x, y ∈ E ,
there is a j (x − y) ∈ J (x − y) such that
〈T x − T y, j (x − y)〉 ≥ (1 − k)‖x − y‖2.
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An operator T is called φ-strongly pseudocontractive if for all x, y ∈ E , there exist j (x − p) ∈ J (x − p) and a strictly
increasing function φ : [0,∞) → [0,∞) with φ(0) = 0 such that
〈T x − T y, j (x − y)〉 ≤ ‖x − y‖2 − φ(‖x − y‖)‖x − y‖.
Let F(T ) = {x ∈ E : T x = x}. An operator T is called φ-hemicontractive (see [1–3]) if the fixed point set
F(T ) = {x ∈ E : T x = x} = ∅ and for all x, y ∈ E , p ∈ F(T ), there exist j (x − p) ∈ J (x − p) and a strictly
increasing function φ : [0,∞) → [0,∞) with φ(0) = 0 such that
〈T x − T p, j (x − p)〉 ≤ ‖x − p‖2 − φ(‖x − p‖)‖x − p‖. (1)
An operator T is called φ-strongly accretive (see [1–3]) if for all x, y ∈ E , there exist j (x − y) ∈ J (x − y) and a
strictly increasing function φ : [0,∞) → [0,∞) with φ(0) = 0 such that
〈T x − T y, j (x − y)〉 ≥ φ(‖x − y‖)‖x − y‖. (2)
Let φ(s) = ks, k ∈ (0, 1), then a φ-strongly pseudocontractive operator is also a strongly pseudocontraction.
The class of strongly φ-pseudocontractive mappings includes the class of strongly pseudocontractive mappings
by setting φ(s) = ks for all s ∈ [0,∞). However, the converse is not true. An example by Hirano and Huang
(see [2], Example 1, page 1462) showed that a strongly pseudocontractive operator T is not always a strongly φ-
pseudocontractive operator.
It is clear that every strongly pseudocontractive operator is φ-strongly pseudocontractive, and every φ-strongly
pseudocontractive operator with a nonempty fixed point set is φ-hemicontractive. Meanwhile, it is clear that T is
strongly pseudocontractive if and only if (I − T ) is strongly accretive, and T is φ-strongly pseudocontractive if and
only if (I − T ) is φ-strongly accretive.
Let {αn}∞n=1 be a nonnegative real sequence in [0, 1]. Assume that x1 ∈ E and xn+1 = f (T, αn, xn) defines an
iteration in E . Suppose that F(T ) = {x ∈ E : x = T x} = ∅ and that {xn}∞n=1 converges strongly to p ∈ F(T ).
Let {yn}∞n=1 be any sequence in E and {εn}∞n=1 be a sequence in [0,+∞) given by εn = ‖yn+1 − f (T, αn , yn)‖. If
limn→∞ εn = 0 implies that limn→∞ yn = p, then the iteration procedure defined by xn+1 = f (T, αn, xn) is said to
be T -stable (see [4]).
If
∑∞
n=1 εn < ∞ implies that limn→∞ yn = p, then the iteration procedure defined by xn+1 = f (T, αn, xn) is
said to be almost T -stable (see [5]). If εn = o(αn) implies that limn→∞ yn = p, then the iteration procedure defined
by xn+1 = f (T, αn, xn) is said to be pseudo T -stable (see [1]). If εn = ε′n + ε′′n with
∑∞
n=1 ε′n < ∞ and ε′′n = o(αn)
implies that limn→∞ yn = p, then the iteration procedure defined by xn+1 = f (T, αn , xn) is said to be weakly
T -stable (see [1]).
It is obvious that if an iteration {xn}∞n=1 is T -stable, then it is weakly T -stable and if the iteration {xn}∞n=1 is weakly
T -stable, then it is both almost T -stable and pseudo T -stable. Conversely, an iteration {xn}∞n=1 which is either almost
T -stable or pseudo T -stable may fail to be weakly T -stable (see [1], page 950).
Recently, Osilike [6] provided some stability results for Ishikawa iteration in a real Banach space. In 2001, Zhou
et al. [1] extended the result of [6] to φ-hemicontractive operators showing that the Ishikawa iteration is weakly
T -stable under a strictly condition lim infn→∞ φ(t)/t > 0 of the function φ defined in φ-hemicontractive operators.
The condition lim infn→∞ φ(t)/t > 0 is not desirable because a lot of the strictly increasing functions φ cannot
satisfy the strict requirement. For example, if we set φ(t) = kt2, then lim infn→∞ φ(t)/t = 0.
The purpose of this paper is to prove the weak T -stability of the Mann and Ishikawa iterative sequences with
errors without the strict restriction lim infn→∞ φ(t)/t > 0 on the Lipschitzian φ-hemicontractive operators in
arbitrary real Banach spaces. Our results improve and generalize the recent results of [1] without the strict restriction
lim infn→∞ φ(t)/t > 0 and extend the results to the Ishikawa iteration with errors.
For the purpose we need the following lemma.
Lemma 1.1 (See[7, Lemma 2.1, page 134]). Let φ : [0,∞) → [0,∞) be a strictly increasing function with φ(0) = 0
and let {an}, {cn}, {dn} be nonnegative real sequences such that
lim
n→∞ cn = 0, dn = o(cn),
∞∑
n=1
cn = ∞. (3)
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Suppose that for all n ≥ 1,
an+1 ≤ an − φ(an+1)cn + dn.
Then limn→∞ an = 0.
2. Main results
Now we prove the main results of our paper. In the following, we denote the Lipschitzian constant of T by a
constant L ≥ 0.
Theorem 2.1. Let E be a real arbitrary Banach space and T : E → E be a Lipschitzian continuous and φ-
hemicontractive mapping. Suppose p ∈ F(T ). For any given x1 ∈ E, let the Ishikawa iteration with errors {xn}∞n=1
be defined by
xn+1 = (1 − αn)xn + αn T yn + un,
yn = (1 − βn)xn + βnT xn + vn, (4)
where the nonnegative real sequences {αn}∞n=1, {βn}∞n=1 in [0, 1] satisfy
lim
n→∞ αn = 0,
∞∑
n=1
αn = ∞, lim
n→∞ βn = 0, (5)
with the sequences {un}∞n=1 and {vn}∞n=1 in E satisfying
∞∑
n=1
‖un‖ < ∞, lim
n→∞ ‖vn‖ = 0. (6)
Then {‖xn − p‖}∞n=1 satisfies the following inequality for all n ∈ N:
‖xn+1 − p‖ ≤ ‖xn − p‖ − αn1 − αn φ(‖xn+1 − p‖)
+ αn
1 − αn L · {αn + βn(1 + L) + αn L(1 − βn + Lβn)}‖xn − p‖
+ αn
1 − αn L[‖vn‖ + ‖un‖ + αn L‖vn‖] +
1
1 − αn ‖un‖. (7)
Proof. Observe that
xn+1 − p = (1 − αn)(xn − p) + αn(T xn+1 − T p) + αn(T yn − T xn+1) + un, (8)
then it follows from (1) and (8) that
‖xn+1 − p‖2 ≤ (1 − αn)‖xn − p‖ · ‖xn+1 − p‖ + αn〈T xn+1 − T p, j (xn+1 − p)〉
+ αn‖T yn − T xn+1‖ · ‖xn+1 − p‖ + ‖un‖ · ‖xn+1 − p‖
≤ (1 − αn)‖xn − p‖ · ‖xn+1 − p‖ + αn[‖xn+1 − p‖2 − φ(‖xn+1 − p‖)‖xn+1 − p‖]
+ αn L · ‖yn − xn+1‖ · ‖xn+1 − p‖ + ‖un‖ · ‖xn+1 − p‖, (9)
where
‖yn − xn+1‖ = ‖[(1 − βn)xn + βnT xn + vn] − [(1 − αn)xn + αn T yn + un]‖
= ‖[−βnxn + βnT xn + vn] + [αnxn − αn T yn − un]‖
≤ βn‖xn − T xn‖ + ‖vn − un‖ + αn‖xn − T yn‖
≤ βn(1 + L)‖xn − p‖ + ‖vn | + ‖un‖ + αn(‖xn − p‖ + L‖yn − p‖)
≤ [βn(1 + L) + αn]‖xn − p‖ + ‖vn‖
+ ‖un‖ + αn L[(1 − βn)‖xn − p‖ + Lβn‖xn − p‖ + ‖vn‖]
= [αn + βn(1 + L) + αn L(1 − βn + Lβn)]‖xn − p‖ + ‖vn‖ + ‖un‖ + αn L‖vn‖. (10)
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Taking (10) into (9), we obtain
‖xn+1 − p‖2 ≤ (1 − αn)‖xn − p‖ · ‖xn+1 − p‖ + αn[‖xn+1 − p‖2 − φ(‖xn+1 − p‖)‖xn+1 − p‖]
+ αn L · {[αn + βn(1 + L) + αn L(1 − βn + Lβn)] · ‖xn − p‖
+ ‖vn‖ + ‖un‖ + αn L‖vn‖} · ‖xn+1 − p‖ + ‖un‖ · ‖xn+1 − p‖. (11)
Without loss of generality, we may assume that ‖xn+1 − p‖ > 0 for all n ∈ N. Canceling the common factor
‖xn+1 − p‖ on both sides of (11), we obtain
‖xn+1 − p‖ ≤ (1 − αn)‖xn − p‖ + αn[‖xn+1 − p‖ − φ(‖xn+1 − p‖)]
+ αn L · {[αn + βn(1 + L) + αn L(1 − βn + Lβn)]‖xn − p‖
+ (1 + Lαn)‖vn‖ + ‖un‖} + ‖un‖. (12)
Moving the term αn‖xn+1 − p‖ to the left side of (12), then (7) is obtained. 
Theorem 2.2. Let E, T, {xn}∞n=1 be the same in Theorem 2.1 satisfying (4)–(6). Then the Ishikawa iteration with
errors {‖xn − p‖}∞n=1 is bounded.
Proof. Let r = ‖x1 − p‖. We will prove by induction that ‖xn − p‖ ≤ r for all n ∈ N.
Clearly ‖x1 − p‖ = r . Suppose ‖xn − p‖ ≤ r . Next we will show that ‖xn+1 − p‖ ≤ r . Suppose not,
then ‖xn+1 − p‖ > r . Then from the conditions (5) and (6), it implies that there exists a natural number N0,
such that for all n ∈ N, as n > N0, we have L{αn + βn(1 + L) + αn L(1 − βn + Lβn)} ≤ 12 φ(r)r , and
L{‖vn‖ + ‖un‖ + αn L‖vn‖} ≤ 14 · φ(r), ‖un‖ ≤ 18 · αnφ(r). Therefore from the inequality (7), for all n ∈ N,
as n > N0,
r < ‖xn+1 − p‖
≤ ‖xn − p‖ − αn1 − αn φ(‖xn+1 − p‖) +
αn
1 − αn L · {αn + βn(1 + L) + αn L(1 − βn + Lβn)}‖xn − p‖
+ αn
1 − αn L[‖vn‖ + ‖un‖ + αn L‖vn‖] +
1
1 − αn ‖un‖
≤ r − αn
1 − αn φ(r) +
αn
1 − αn
1
2
φ(r)
r
· r + αn
1 − αn
φ(r)
4
+ 1
8
· αn
1 − αn φ(r) < r
is a contradiction. Hence ‖xn+1 − p‖ ≤ r . 
Theorem 2.3. Let E, T, {xn}∞n=1 be the same in Theorem 2.1. Let {zn}∞n=1 be any sequence in E and let {εn}∞n=1 be a
sequence in [0,∞) by
wn = (1 − βn)zn + βnT zn + ξn, (13)
εn = ‖zn+1 − (1 − αn)zn − αn T wn − ζn‖, (14)
where
∞∑
n=1
ζn < ∞, lim
n→∞ ‖ξn‖ = 0, and εn = ε
′
n + ε′′n with
∞∑
n=1
ε′n < ∞, ε′′n = o(αn). (15)
Then the Ishikawa iteration with errors {xn}∞n=1 is weakly T -stable.
Proof. Let p ∈ F(T ). Then by the definition of T , p is the unique fixed point. We will prove that limn→∞ zn = p.
Let ςn = zn+1 − (1 − αn)zn − αn Twn − ζn , then
zn+1 = (1 − αn)zn + αn T wn +ςn +ζn.
Set ηn = ςn +ζn , then the error term sequence {ηn}∞n=1 satisfies the condition ‖ηn‖ = ‖ςn +ζn‖ ≤ εn + ‖ζn‖ =
ε′n + ε′′n + ‖ζn‖. Then zn+1 = (1 − αn)zn + αn T wn + ηn . The iteration {zn}∞n=1 here is actually the Ishikawa iteration
with errors in Theorem 2.1.
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From Theorem 2.2, for any given z1 ∈ E , the iterations {‖zn − p‖}∞n=1 and {‖wn − p‖}∞n=1 are bounded. Then
‖zn − T zn‖ ≤ ‖zn − p‖ + ‖T zn − T p‖ ≤ (1 + L)‖zn − p‖
and
‖zn − T wn‖ ≤ ‖zn − p‖ + ‖T wn − T p‖ ≤ ‖zn − p‖ + L‖wn − p‖
imply that {‖zn − T zn‖}∞n=1 and {‖zn − Twn‖}∞n=1 are also bounded. Set M = max{sup{‖zn − p‖}, sup{‖wn −
p‖}, sup{‖zn − T zn‖}, sup{‖zn − Twn‖}}, then M < ∞.
Observe that
zn+1 − p = (1 − αn)(zn − p) + αn(T zn+1 − T p) + αn(Twn − T zn+1) + ηn, (16)
it follows from (1) and (16) that
‖zn+1 − p‖2 ≤ (1 − αn)‖zn − p‖ · ‖zn+1 − p‖ + αn〈T zn+1 − T p, j (zn+1 − p)〉
+ αn‖T wn − T zn+1‖ · ‖zn+1 − p‖ + ‖ηn‖ · ‖zn+1 − p‖
≤ (1 − αn)‖zn − p‖ · ‖zn+1 − p‖ + αn[‖zn+1 − p‖2 − φ(‖zn+1 − p‖)‖zn+1 − p‖]
+ αn L · ‖wn − zn+1‖ · ‖zn+1 − p‖ + ‖ηn‖ · ‖zn+1 − p‖, (17)
where
‖wn − zn+1‖ = ‖[(1 − βn)zn + βnT zn + ξn] − [(1 − αn)zn + αn T wn + ηn]‖
= ‖[−βnzn + βn T zn + ξn] + [αnzn − αn Twn − ηn]‖
≤ βn‖zn − T zn‖ + ‖ξn − ηn‖ + αn‖zn − T wn‖
≤ βn M + ‖ξn − ηn‖ + αn M. (18)
Taking (18) into (17), we obtain that
‖zn+1 − p‖2 ≤ (1 − αn)‖zn − p‖ · ‖zn+1 − p‖ + αn[‖zn+1 − p‖2 − φ(‖zn+1 − p‖)‖zn+1 − p‖]
+ αn L · [βn M + ‖ξn − ηn‖ + αn M] · ‖zn+1 − p‖ + ‖ηn‖ · ‖zn+1 − p‖. (19)
Without loss of generality, we may assume that ‖zn+1−p‖ > 0 for all n ∈ N. Canceling the common factor ‖zn+1−p‖
on both sides of (19), we obtain
‖zn+1 − p‖ ≤ (1 − αn)‖zn − p‖ + αn[‖zn+1 − p‖ − φ(‖zn+1 − p‖)]
+ αn L · [βn M + ‖ξn − ηn‖ + αn M] + ‖ηn‖. (20)
Moving the term αn‖zn+1 − p‖ to the left side of (20), then we have
‖zn+1 − p‖ ≤ ‖zn − p‖ − αn1 − αn φ(‖zn+1 − p‖)
+ αn
1 − αn L · [βn M + ‖ξn‖ + ‖ηn‖ + αn M] +
1
1 − αn ‖ηn‖. (21)
Now we denote an = ‖zn − p‖, cn = αn1−αn , dn = αn1−αn L[βn M + ‖ξn‖ + ‖ηn‖ + αn M] + 11−αn ‖ηn‖,
then we can read (21) as an+1 ≤ an − φ(an+1)cn + dn . Meanwhile, from the conditions (5), (6) and (15) and
‖ηn‖ ≤ ε′n + ε′′n + ‖ζn‖ with
∑∞
n=1 ε′n < ∞,
∑∞
n=1 ζn < ∞, and ε′′n = o(αn), it is easy to check that‖ηn‖ = o(αn) = o(cn), ∑∞n=1 cn = ∞, limn→∞ cn = 0 and dn = o(cn). Therefore by using Lemma 1.1, we
obtain that limn→∞ ‖zn − p‖ = limn→∞ an = 0. 
Theorem 2.4. Let E be a real arbitrary Banach space and S : E → E be a Lipschitzian and φ-strongly accretive
operator. For any given f ∈ E, let p be a solution of the equation Sx = f . Define an operator T : E → E by
T x = f +x−Sx for all x ∈ E. Let the Ishikawa iteration with errors {xn}∞n=1 be defined by (4), where the nonnegative
real sequences {αn}∞n=1, {βn}∞n=1 in [0, 1] satisfy (5), with the sequences {un}∞n=1 and {vn}∞n=1 in E satisfying (6) in
Theorem 2.1. Let {zn}∞n=1 be any sequence in E and let {εn}∞n=1 be a sequence in [0,∞) defined by (13) and (14)
respectively in Theorem 2.2 satisfying (15). Then the Ishikawa iteration with errors {xn}∞n=1 is weakly T -stable.
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Proof. Since T x = f + x − Sx and S is a φ-strongly accretive operator, then 〈T x − T p, j (x − p)〉 ≤ ‖x − p‖2 −
φ(‖x − p‖)‖x − p‖ showing that T is actually a φ-hemicontractive operator with p ∈ F(T ). Meanwhile, for any
x, y ∈ E , ‖T x − T y‖ = ‖( f + x − Sx) − ( f + y − Sy)‖ ≤ (1 + L)‖x − y‖ implies that T is also Lipschitzian.
Therefore the conclusion of Theorem 2.4 follows from Theorem 2.3. 
Remark 2.1. Our Theorems 2.3 and 2.4 extend and generalize the weak T -stability result of the Mann and Ishikawa
iteration in [1] to the weak T -stability of the Mann and Ishikawa iterations with errors without the strict restriction on
the choice of φ(t) such that lim infn→∞ φ(t)/t > 0. 
Remark 2.2. Our Theorems 2.3 and 2.4 extend the almost T -stability of the Ishikawa iteration in [5] to the more
generalized weak T -stability of the Ishikawa iteration with errors without the strict conditions on the parameters αn
and βn such that
∑∞
n=1 αnβn < ∞ and
∑∞
n=1 α2n < ∞ in [5].
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